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One	
  dimension	
  is	
  different!	
  

•  To	
  be	
  covered	
  in	
  these	
  lectures:	
  
–  Absence	
  of	
  true	
  Bose-­‐Einstein	
  condensaPon	
  
–  Strongly-­‐correlated	
  many-­‐body	
  physics	
  with	
  a	
  dilute	
  gas	
  

–  Bosons	
  play	
  fermions	
  
–  Superfluid	
  or	
  not	
  superfluid	
  (or	
  maybe	
  both?)	
  

–  Schroedinger	
  cats	
  made	
  robust	
  
–  SPrring	
  up	
  solitons	
  



No	
  BEC	
  here?	
  

What	
  is	
  BEC?	
  



What	
  is	
  Bose-­‐Einstein	
  condensaPon?	
  

•  Defined	
  through	
  scaling	
  property	
  of	
  single-­‐parPcle	
  
density	
  matrix	
  (spdm)	
  :	
  

•  For	
  an	
  infinite	
  system	
  we	
  expect	
  off-­‐diagonal	
  long	
  
range	
  order	
  (ODLRO):	
  

•  For	
  a	
  finite	
  system	
  we	
  can	
  look	
  at	
  natural	
  orbitals:	
  

•  In	
  the	
  thermodynamic	
  limit	
  we	
  want	
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Thermodynamic	
  limit	
  	
  

•  For	
  the	
  thermodynamic	
  limit	
  we	
  assume	
  a	
  box	
  with	
  
linear	
  size	
  L	
  (and	
  periodic	
  boundaries	
  or	
  ring)	
  

•  3D:	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  BEC	
  phase	
  transiPon	
  (finite	
  T	
  and	
  
interacPon)	
  

•  2D:	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Berezinski-­‐Kosterlitz-­‐Thouless	
  PT	
  

•  1D:	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  no	
  PT	
  (Yang-­‐Yang)	
  
•  Absence	
  of	
  BEC	
  phase	
  transiPon	
  for	
  d<3	
  follows	
  from	
  
Mermin-­‐Wagner	
  theorem	
  (c.f.	
  Hohenberg,	
  Coleman)	
  

N → ∞, L → ∞

n3 =
N

L3
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n2 =
N

L2
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N
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= const.



1D	
  Bose	
  gas	
  

•  Homogeneous	
  gas	
  (e.g.	
  large-­‐radius	
  ring	
  trap):	
  
–  	
  No	
  phase	
  transiPon	
  and	
  no	
  ODLRO	
  
–  FluctuaPons	
  of	
  phase	
  are	
  large	
  (diverge	
  for	
  infinite	
  system)	
  

–  Finite	
  T:	
  exponenPal	
  decay	
  of	
  spdm	
  
–  Zero	
  T:	
  algebraic	
  decay	
  of	
  spdm	
  

•  Harmonically	
  trapped	
  1D	
  Bose	
  gas:	
  
–  BEC	
  is	
  possible	
  (Keberle,	
  van	
  Druten)	
  
–  Length	
  scale	
  for	
  phase	
  fluctuaPons	
  should	
  be	
  compared	
  to	
  
Thomas-­‐Fermi	
  radius	
  of	
  gas	
  



1D	
  Bose	
  gas	
  in	
  harmonic	
  trap	
  

•  Degeneracy	
  temperature	
  

•  Phase	
  fluctuaPons	
  dominate	
  in	
  the	
  quasicondensate	
  
regime	
  but	
  freeze	
  out	
  at	
  

•  Crossover	
  to	
  BEC	
  at	
  

Petrov	
  (2000)	
  

Tph =
Td�ω
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Td ≈ N�ω
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Tc ≈
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kB ln 2N



Strongly	
  correlated	
  and	
  yet	
  dilute?	
  

The	
  dimensional	
  crossover	
  



From	
  3D	
  to	
  1D	
  

•  Consider	
  cylindrical	
  trap	
  

•  3D	
  coupling	
  strength:	
  	
  

•  1D	
  coupling	
  strength:	
  

[more	
  accurately	
  	
  
(Olshanii	
  1998),	
  leads	
  to	
  confinement-­‐induced	
  
resonance!]	
  

•  Healing	
  length:	
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Dimensionless	
  interacPon	
  strength	
  

•  Lieb-­‐Liniger	
  parameter:	
  

compares	
  mean	
  distance	
  between	
  parPcles	
  and	
  
healing	
  length	
  	
  

•  Komineas-­‐Papanicolao	
  parameter:	
  

compares	
  healing	
  length	
  with	
  	
  
transverse	
  Thomas-­‐Fermi	
  radius	
  (Komineas	
  2002)	
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InteracPon	
  strength	
  and	
  dimensionality	
  

γ =
mg1
�2n1

η = n1as

TG	
  gas	
  Lieb-­‐Liniger	
  

BEC	
  
3D	
  GPE	
  

1D	
  GPE	
  

1	
  

-­‐1	
  

Dense	
  gas	
  

3	
  D	
  collapse!	
  

3D	
  GPE	
  

modulaPonal	
  instability	
  
(bright)	
  soliton	
  formaPon	
   1	
  

γη2 = 2a3sn3 � 1

Expect	
  1D	
  physics	
  when	
  
The	
  1D	
  gas	
  can	
  be	
  dilute	
  even	
  when	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  -­‐>	
  strong	
  correlaPon	
  γ � 1

|η| � 1

(Super-­‐TG	
  gas)	
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