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One	
  dimension	
  is	
  different!	
  

•  To	
  be	
  covered	
  in	
  these	
  lectures:	
  
–  Absence	
  of	
  true	
  Bose-­‐Einstein	
  condensaPon	
  
–  Strongly-­‐correlated	
  many-­‐body	
  physics	
  with	
  a	
  dilute	
  gas	
  

–  Bosons	
  play	
  fermions	
  
–  Superfluid	
  or	
  not	
  superfluid	
  (or	
  maybe	
  both?)	
  

–  Schrödinger	
  cats	
  made	
  robust	
  
–  [SPrring	
  up	
  solitons]	
  



InteracPon	
  strength	
  and	
  dimensionality	
  

γ =
mg1
�2n1

η = n1as

TG	
  gas	
  Lieb-­‐Liniger	
  

BEC	
  
3D	
  GPE	
  

1D	
  GPE	
  

1	
  

-­‐1	
  

Dense	
  gas	
  

3	
  D	
  collapse!	
  

3D	
  GPE	
  

modulaPonal	
  instability	
  
(bright)	
  soliton	
  formaPon	
   1	
  

γη2 = 2a3sn3 � 1

Expect	
  1D	
  physics	
  when	
  
The	
  1D	
  gas	
  can	
  be	
  dilute	
  even	
  when	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  -­‐>	
  strong	
  correlaPon	
  γ � 1

|η| � 1

(Super-­‐TG	
  gas)	
  

A"rac&ve	
  interac&ons	
  

Repulsive	
  interac&ons	
  



Phase	
  fluctuaPng	
  condensate?	
  

•  Bogoliubov’s	
  trick:	
  

This	
  obviously	
  works	
  if	
  BEC	
  is	
  present	
  (3D).	
  
However,	
  it	
  is	
  sufficient	
  to	
  have	
  small	
  density	
  
fluctuaPons	
  (works	
  in	
  1D	
  without	
  BEC):	
  

The	
  (fluctuaPng)	
  phase	
  is	
  then	
  “defined”	
  by	
  

ρ̂(x) = ψ̂†(x)ψ̂(x) ≈ ρ0 + δρ̂(x)

ψ̂(x) = φ(x) + δψ̂(x)

ψ̂(x) =
�
ρ̂eθ̂

Y.	
  CasPn,	
  Simple	
  theore,cal	
  tools	
  for	
  low	
  dimension	
  Bose	
  gases,	
  J.	
  
Phys.	
  IV	
  France,	
  116,	
  89	
  (2004)	
  arXiv:0407118	
  
V.	
  N.	
  Popov,	
  Func,onal	
  Integrals	
  in	
  Quantum	
  Field	
  Theory	
  and	
  
Sta,s,cal	
  Physics,	
  (Reidel,	
  Dordrecht,	
  1983).	
  



Bosons	
  play	
  fermions	
  

The	
  Lieb-­‐Liniger	
  model	
  and	
  the	
  Tonks-­‐
Girardeau	
  gas	
  



Tonks-­‐gas	
  –	
  Experiments	
  

MPQ	
  Garching	
  

other	
  experiments:	
  

T.	
  Esslinger	
  (Zürich)	
  

W.	
  Phillips	
  (NIST)	
  

D.	
  Weiss	
  (PSU),	
  γ~5.5	
  

R.	
  Grimm	
  (Innsbruck):	
  confinement	
  
	
   	
   	
   	
  	
  induced	
  resonance!	
  

up	
  to	
  γeff~	
  200	
  



•  1D	
  Bosons	
  with	
  repulsive	
  δ	
  interacPons	
  
•  Ground-­‐	
  and	
  excited-­‐state	
  wavefuncPons	
  exactly	
  known	
  

from	
  Bethe	
  ansatz	
  [Lieb,	
  Liniger	
  (1963)]	
  

•  InteracPon	
  parameter	
  	
  

•  For	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ,	
  problem	
  is	
  mapped	
  exactly	
  to	
  free	
  Fermi	
  
gas	
  (Tonks-­‐Girardeau	
  gas)	
  [Girardeau	
  (1960)]	
  

•  Ring	
  geometry	
  provides	
  periodic	
  boundary	
  condiPons	
  

1D	
  Bose	
  Gas	
  –	
  Lieb-­‐Liniger	
  model	
  



Consider	
  	
  

•  Inside:	
  	
  

•  Boundary	
  condiPons	
  are	
  provided	
  by	
  
–  InteracPons	
  
–  Periodicity	
  in	
  the	
  box	
  

•  Bethe	
  ansatz:	
  

	
   	
  	
  	
  	
  	
  is	
  a	
  permutaPon	
  of	
  the	
  set	
  
•  Just	
  one	
  	
  quasimomentum	
  per	
  parPcle	
  (!)	
  

•  Model	
  is	
  integrable,	
  check	
  Yang-­‐Baxter	
  equaPon	
  

Lieb-­‐Liniger	
  model:	
  wave	
  funcPon	
  

x1	
  

x2	
  

L	
  

L	
  
x2	
  =	
  L	
  

0 ≤ x1 ≤ x2 · · · ≤ xN ≤ L

− �2
2m

�

i

∂2

∂x2
i

ψ = Eψ

ψ(x1, . . . , xN ) =
�

P

a(P )P exp(i
N�

j=1

kjxj)

{k} = k1, k2, . . . , kNP



Bose-­‐Fermi	
  mapping	
  

Fermions	
   Bosons	
  

Cheon	
  and	
  Shigehara,	
  1999	
  

Girardeau,	
  1960	
  

Strong	
  repulsive	
  interacPons	
  for	
  bosons	
  have	
  the	
  same	
  effect	
  as	
  the	
  Pauli	
  
exlusion	
  principle	
  for	
  fermions.	
  

The	
  1D	
  Bose	
  gas	
  maps	
  one-­‐to-­‐one	
  to	
  a	
  gas	
  of	
  spinless	
  fermions	
  

Bosons	
  with	
  strong	
  but	
  
finite	
  interacPons	
  map	
  to	
  
spinless	
  fermions	
  with	
  weak	
  
short-­‐range	
  interacPons	
  

“In	
  1D,	
  there	
  is	
  no	
  dis&nc&on	
  between	
  Bosons	
  and	
  Fermions“	
  



PseudopotenPal	
  in	
  the	
  Fermionic	
  picture	
  

Granger	
  and	
  Blume	
  [2004],	
  
Girardeau	
  and	
  Olshanii	
  [2004],	
  
Brand	
  and	
  Cherny	
  [2005]	
  

[	
  D.	
  Sen	
  1999]	
  

generalizaPon	
  for	
  arbitrary	
  γ:	
  

Sen’s	
  pseudopotenPal	
  generates	
  correct	
  energy	
  levels	
  to	
  
first	
  order	
  in	
  1/γ	



This	
  can	
  be	
  used	
  to	
  apply	
  common	
  methods	
  of	
  fermionic	
  many-­‐body	
  theory,	
  e.g.	
  
• 	
  Hartree-­‐Fock	
  
• 	
  diagrammaPc	
  many-­‐body	
  perturbaPon	
  theory	
  
• 	
  Random-­‐phase	
  approximaPon	
  



The	
  nature	
  of	
  Bethe-­‐ansatz	
  soluPons:	
  
Quasi-­‐momenta	
  and	
  Fermi	
  sphere	
  

Total	
  energy:	
  

Total	
  momentum:	
  

E =
�2
2m

�

k

k2

P = �
�

k

k



Lieb-­‐Liniger	
  ground	
  states	
  

The	
  quasi	
  momentum	
  
distribuPon	
  in	
  the	
  ground	
  
state	
  is	
  deformed	
  from	
  the	
  
simple	
  Fermi-­‐sphere	
  
picture	
  at	
  finite	
  (weaker)	
  
interacPons	
  

Lieb,	
  Liniger,	
  1963	
  



ExcitaPon	
  spectrum	
  for	
  the	
  Lieb-­‐Liniger	
  model	
  

γ=1	
  

momentum	
  qπ/kF	
   momentum	
  qπ/kF	
  

~ωπ2/εF	
  ~ωπ2/εF	
  

kF=πn1D	
  ;	
  	
   εF=~2	
  kF2/(2m)	
  
umklapp	
  excitaPon	
  

γ = ∞

Lieb’s	
  type	
  II	
  branch	
  

Type	
  II	
  excitaPons	
  can	
  be	
  idenPfied	
  with	
  dark	
  solitons!	
  



Superfluid	
  or	
  not?	
  

Or	
  maybe	
  both?	
  



1D	
  Bose	
  gas	
  on	
  a	
  ring	
  

Circumference: L = 2 π R 

What are the superfluid properties of the 
Bose gas on the ring at zero temperature? 

•  non-classical rotational inertia or Hess-
Fairbank effect: 

Does the fluid in equilibrium take part 
in small (infinitesimal) rotations of the 
container? 

• Metastability of currents 

Once we have established a (ring) 
current: Is it stable? How and on 
which time scale will it decay to the 
ground state? 

We work with the Lieb-Liniger model, 
i.e. Bosons with contact interactions in 
one dimension 

R 

x 

We need to understand the excitation spectrum  
and the likeliness of transitions! 



Low-­‐lying	
  excitaPon	
  spectrum	
  

Momentum 

En
er

gy
 

Every particle has acquired one unit  
of momentum in the periodic box. 
This is a centre-of-mass translation 

with E=P 2 /(2M)! 

Translations of the ground state 

P

2π�n



Low-­‐lying	
  excitaPon	
  spectrum	
  
(yrast	
  states)	
  

Momentum 

En
er

gy
 Here for Tonks-Girardeau gas, γ =∞, N=15 

Lieb’s type II  
elementary excitations 

Umklapp excitation 

P

2π�n



Low-­‐lying	
  excitaPon	
  spectrum	
  

Momentum 

En
er

gy
 

Generic case 

Dense spectrum for N >> 1 

P

2π�n



Varying	
  the	
  interacPon	
  strength	
  

The lowest 
energy 
excitation 
energies 
from the 
exact 
Bethe-
Ansatz 
equations 

Yang and Yang (1969), Brand (2004) 

k0 = π ~ N /L 



TransformaPon	
  to	
  moving	
  frame	
  

•  A	
  transformaPon	
  into	
  a	
  translaPng	
  (rotaPng)	
  frame	
  is	
  
a	
  gauge	
  transformaPon	
  and	
  does	
  not	
  change	
  the	
  
internal	
  nature	
  of	
  eigenstates.	
  

•  Momentum	
  and	
  energy	
  change	
  according	
  to	
  the	
  
well-­‐known	
  rules	
  of	
  Galilean	
  transforma,on	
  

x’ = x – vr t 

vr = R ωr 

R 

x 



Persistent	
  currents	
  in	
  equilibrium	
  

k0 = π ~ N /L 

In the moving frame 

For small driving velocities the 1D Bose gas on a ring with 
repulsive interactions does not take part in the motion. This is 
known as the Hess-Fairbank effect! 
Therefore it is 100% superfluid. 



Metastability	
  of	
  currents	
  

Momentum 

En
er

gy
 

How can a current-carrying state decay? 

Dense spectrum for N >> 1 

A small deviation of the trapping potential (stationary in Lab frame) breaks translational 
symmetry and couples to lower momentum states (Energy is conserved)! 

P

2π�n



Frame	
  transformaPon	
  -­‐	
  fricPonal	
  force	
  

Momentum 

En
er

gy
 

In the frame where the fluid is at rest, we have a moving impurity 

The moving impurity dissipates energy by exciting excitations in the fluid and experiences 
 a drag force. The rate of dissipation can be calculated in linear-response theory 

P

2π�n



Drag	
  Force	
  

 Consider a heavy impurity, moving with constant velocity in the 
1D medium of particles and interacting with them by 

 By definition 

 Drag Force as a generalization of the Landau criterion for 
superfluidity: it should be zero to prevent energy dissipation!  

???	
  



Drag	
  Force	
  

 The linear response theory yields for the resulting drag force: 

momentum q/kF 

Example:TG gas 

is the dynamic structure factor 



Dynamic	
  Structure	
  factor	
  

•  What	
  is	
  known?	
  
–  Limits	
  of	
  no	
  interacPon	
  γ	
  = 0	
  

and	
  strong	
  interacPon	
  γ	
  =	
  +	
  
are	
  well	
  understood	
  

–  PerturbaPon	
  theory	
  at	
  large	
  coupling	
  
PRA	
  and	
  first	
  order	
  expansion	
  in	
  1/γ	
  
	
   	
   	
   	
   	
   	
   	
   	
  Brand	
  and	
  Cherny	
  (2005)	
  
	
   	
   	
   	
   	
   	
   	
   	
  Cherny	
  and	
  Brand	
  (2006)	
  

–  Luxnger	
  liquid	
  theory	
  
gives	
  power-­‐law	
  scaling	
  at	
  small	
  ω	
  
	
   	
   	
  Astrakharchik	
  and	
  Pitaevskii	
  (2004)	
  

–  CriPcal	
  exponents	
  near	
  singulariPes	
  
	
   	
   	
  Imambekov	
  and	
  Glazman	
  (2008)	
  

–  Numerical	
  evaluaPon	
  of	
  the	
  algebraic	
  Bethe	
  ansatz	
  
	
   	
   	
  Caux	
  and	
  Calabrese	
  (2005)	
  

∞



InterpolaPng	
  the	
  Dynamic	
  Structure	
  Factor	
  

γ =	
  10	
  ,	
  q=2kF	
  

γ =	
  0.25,	
  q=kF	
  
γ =	
  10,	
  q=kF	
  

Cherny	
  and	
  Brand,	
  PRA	
  (2009);	
  JP	
  conf.	
  ser.	
  (2008)	
  



Drag	
  force	
  =	
  dissipaPon	
  of	
  supercurrent	
  

Dimensionless	
  drag	
  force	
  as	
  a	
  funcPon	
  of	
  velocity	
  

There	
  is	
  no	
  cri&cal	
  	
  
velocity	
  in	
  the	
  “Landau”	
  
sense!	
  

Only	
  in	
  the	
  weak	
  interacPon	
  (large	
  density)	
  limit	
  γ	
  ->	
  0	
  does	
  
the	
  gas	
  maintain	
  persistent	
  currents!	
  

Cherny,	
  Caux,	
  and	
  Brand,	
  PRA	
  (2010)	
  



Schrödinger’s	
  cat	
  made	
  robust	
  



Possibility	
  of	
  superposiPon	
  states?	
  

Driving	
  frequency	
  Ω/Ω0	



A
ng
ul
ar
	
  m
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en
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r	
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e	



Can	
  we	
  find	
  a	
  superposiPon	
  	
  
state	
  here? 



RotaPng	
  ring	
  with	
  delta	
  barrier	
  (cf.	
  Josephson	
  JuncPon)	
  

A	
  single	
  atom	
  	
  	
  

Ω = π

Ω/π

Many-­‐body	
  wave	
  funcPon	
  for	
  g=0	
  	
  
at	
  	
  



InteracPng	
  parPcles:	
  exact	
  diagonalisaPon	
  

Energy	
  gap	
  between	
  ground	
  and	
  first	
  excited	
  state	
  
as	
  a	
  funcPon	
  of	
  interacPon	
  strength	
  

N=5.	
  Exact	
  diagonalisaPon	
  with	
  20	
  modes.	
  	
  

Hallwood,	
  Ernst,	
  Brand,	
  PRA	
  2010	
  



Weakly-­‐interacPng	
  parPcles:	
  NOON	
  states	
  

•  Hamiltonian	
  in	
  momentum	
  basis:	
  

•  For	
  weak	
  interacPons,	
  two	
  modes	
  suffice:	
  
NooN	
  state	
  has	
  energy	
  gap	
  that	
  scales	
  exponenPally	
  with	
  N!	
  

�
(a†0)

N + (a†1)
N
�
|vac� = |N, 0�+ |0, N�



Strongly-­‐interacPng	
  parPcles:	
  
Tonks-­‐Girardeau	
  gas	
  

•  The	
  excitaPon	
  spectrum	
  is	
  the	
  same	
  as	
  that	
  of	
  non-­‐
interacPng	
  Fermions	
  

•  The	
  gap	
  energy	
  is	
  determined	
  by	
  the	
  Umklapp	
  
excitaPon:	
  

	
   	
   	
   	
   	
   	
  is	
  independent	
  of	
  N!	
  



RotaPonal	
  Tonks-­‐Girardeau	
  cat	
  

Tonks-­‐Girardeau	
  
gas	
  

Barrier	
  
(rotaPng)	
  

RotaPonal	
  
flux	
  

Hallwood,	
  Ernst,	
  Brand,	
  PRA	
  2010	
  



Tonks-­‐Girardeau	
  cats	
  

•  TG	
  cats	
  are	
  robust	
  against	
  single-­‐parPcle	
  loss!	
  
•  Quality	
  of	
  cat	
  ayer	
  loss	
  of	
  one	
  atom	
  with	
  momentum	
  
k:	
  

•  Define	
  robustness	
  
as	
  the	
  average	
  

Hallwood,	
  Ernst,	
  Brand,	
  PRA	
  2010;	
  Cooper,	
  Hallwood,	
  Dunningham,	
  Brand,	
  PRL	
  2012	
  



SPrring	
  up	
  solitons	
  



Can	
  you	
  wind/unwind	
  a	
  ring	
  current	
  by	
  
following	
  the	
  type	
  II	
  dispersion	
  curve?	
  

Kanamoto,	
  Carr,	
  Ueda,	
  PRL	
  2008,	
  PRA	
  2009,	
  2010	
  



Add	
  a	
  global	
  symmetry-­‐breaking	
  potenPal	
  

Fialko,	
  Coralie-­‐Dela{re,	
  Brand,	
  Kolovsky	
  2012	
  

H =
N�

i=1

�
�2
2m

�
−i

∂

∂xi
− ω

L

�2

+ � cos

�
2πxi

L

��
+ g1

N�

i<j

δ(xi − xj)



AdiabaPc	
  passage	
  through	
  metastable	
  states	
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One	
  dimension	
  is	
  different!	
  

•  To	
  be	
  covered	
  in	
  these	
  lectures:	
  
–  Absence	
  of	
  true	
  Bose-­‐Einstein	
  condensaPon	
  
–  Strongly-­‐correlated	
  many-­‐body	
  physics	
  with	
  a	
  dilute	
  gas	
  

–  Bosons	
  play	
  fermions	
  
–  Superfluid	
  or	
  not	
  superfluid	
  (or	
  maybe	
  both?)	
  

–  Schrödinger	
  cats	
  made	
  robust	
  
–  SPrring	
  up	
  solitons	
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