
Lecture 3
where bosons make pirouettes and get dizzy
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Topological (defects) excitations

singly connected region multiply connected region
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one vortex, many vortices

vortex rings

http://youtu.be/bT-fctr32pE
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"Vortices of pure energy can exist and, if my theories are 

right, can compose the bodily form of an intelligent species." 

Of the Vortex nature of Atoms: "It is only a dream."

...string theory...?

Lord Kelvin

Isolated optical vortex knots 
Mark R. Dennis, Robert P. King, Barry Jack, 
Kevin O!Holleran and Miles J. Padgett

Nature Physics 6, 118 - 121 (2010)

Nature 387, 58–61 (1997)
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healing length: characteristic small spatial scale in the system, length scale over which the 
wavefunction can “heal” when forced to zero at a point, typical size of a vortex core

− �2
2m

∇2φ(r) + Vext(r)φ(r) + g|φ(r)|2φ(r, t) = µφ(r)

external potential assumed smooth on the local healing length scale

ξ =
�√
2mµ

quantum kinetic potential repulsive particle potential 

these are balanced when

healing length

�2

2m

1
ξ2

= gn(r)

− �2

2m
∇2 g|φ(r)|2
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φ(r, t) = |φ(r, t)|eiθ(r,t)scalar field

must be single valued
(to prevent possibility of 
inconsistent observations 
by two different observers)! 

v(r, t) =
�
m
∇θ(r, t)

vorticity is quantized

ω(r, t) = ∇× v = 0

vorticitypotential flow, irrotational

Bohr-Sommerfeld-Wilson-Dirac-Onsager-Feynman 
quantization (of circulation) condition 

phasedensity if singularity 
in the phase

must have a 
zero in density!

if v is smooth!

κ =
�

v · dl =
�
m

�
∇θ(r) · dl = �2π

�
m

= �
h

m

CRICOS Provider: Monash University 00008C

Monash
University
Concise Advertising Style Guide 

2008

Tapio Simula :: VSSUP :: 27/06/2012



φ(r, t) = |φ(r, t)|eiθ(r,t)scalar field v(r, t) =
�
m
∇θ(r, t)

vorticity is quantized

unlike in classical systems multiquantum vortices are in general 
energetically / dynamically unstable against splitting into multiple simple 
vortices which arrange into a vortex lattice (minimum energy principle!)

assuming purely azimuthal flow

kinetic energy stored in a vortex 

v =
h

m

�

rφ = f(r)ei�ϕ

Ev =

�
1

2
m|φ|2v2dr =

mn

2

� R

rc

h2�2

m2r2
rdr2πL =

�2n�2πL
m

ln

�
R

|�|rc

�

phasedensity
vcl ∼ r

vsf ∼ 1/r

solid body

vortex

CRICOS Provider: Monash University 00008C

Monash
University
Concise Advertising Style Guide 

2008

Tapio Simula :: VSSUP :: 27/06/2012



phase vortices are just 
nodal lines of complex functions!

vortices in electromagnetic fields

acoustic vortices

superfluid helium or any other BEC

type II superconductors 

hydrogen atom angular momentum eigenstates

electron vortices

.

.

.
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fork in an interferogram 

marks the dislocation!

signature of a vortex

absolute value of phase is not directly observable, and an intensity 

zero is not a sufficient criterion for the existence of a vortex

          measure phase difference via interference 

φ1(r) = eikx φ1(r) = eikx

φ2(r) = 1 φ2(r) = eiθ
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|φ1(r) + φ2(r)|2

Phys. Rev. Lett. 87, 080402 (2001)



matterwave interference

how to create vortices in BECs?

coherent population transfer / phase imprinting 

topological Berry phase engineering

stirring / rotating bucket 

spontaneous formation

dynamical instabilities

etc.
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B. Anderson, Resource Article: Experiments with Vortices in Superfluid Atomic Gases
Journal of Low Temperature Physics 161, 574 (2010) 



examples: spontaneous vortices

colder hotter
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Berezinskii-Kosterlitz-Thouless mechanism

Kibble-Zurek mechanism

 Nature 455, 948-951 (2008)

Nature 441, 1118 (2006)Phys. Rev. Lett. 102, 170401 (2009)



interfering three or more waves

PRA 78, 013631 (2008)
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PRL 98, 110402 (2007) 

examples: matterwave interference



Phys. Rev. Lett. 97, 170406 (2006)

and the peak-to-peak diameter is
!!!
2

p
w0. The light is line-

arly polarized and carries no net SAM.
Figure 1 shows a stimulated Raman scheme using coun-

terpropagating LG1
0 and G beams. An atom of mass M,

initially at rest, absorbs a LG1
0 photon and stimulatedly

emits a G photon, acquiring 2@k of LM (k ! 2!=" with "
the photon wavelength). As with resonant Bragg diffrac-
tion with 2 G beams, the frequency difference between the
two beams, #$, is 4Er=h ! 4$r, where Er ! "@k#2=2M is
the recoil energy [21]. In addition to LM the atoms pick up
the OAM difference between the two photons. The addi-
tional energy due to the rotation is small and, for the pulse
durations used in this experiment, does not affect the
resonance condition [26]. The LM transferred by Bragg
diffraction can be viewed as the result of the diffraction of
atoms from a moving sinusoidal optical dipole potential
generated by the interference of the counterpropagating G
beams. Here, the optical dipole potential generated by
interference of the counterpropagating LG1

0 and G beams
is not sinusoidal, but, due to the radial intensity profile and
the helical phase of the LG1

0 beam, the dipole potential
generated is corkscrew-like. Diffraction off this corkscrew
potential produces a rotating state. The potential is the
atom-optics analogue of a phase hologram, and one could
generate any desired two-dimensional atomic state using a
suitable hologram.

The experiment begins with a BEC of 1–2$ 106 sodium
atoms in the j3S1=2; F ! 1; mF ! %1i state prepared as
described in [21]. The atoms are confined in a triaxial
time-orbiting potential (TOP) magnetic trap [21] with
trapping frequencies of $z !

!!!
2

p
$y ! 2$x ! 40 Hz (grav-

ity along z) yielding a condensate with Thomas-Fermi radii
of 21, 30, and 42 %m, respectively. A G laser beam,
detuned from the D2 line (" ! 589:0 nm) by ! !
%1:5 GHz (&150 linewidths, enough to prevent any sig-

nificant spontaneous photon scattering), is split into two
beams that pass through separate acousto-optic modulators
(AOMs) in order to control their frequency difference #$.
One of the beams diffracts from a blazed transmission
hologram [4,5,27] generating a LG1

0 mode. The LG1
0

beam, with a power of 1:5 %W and w0 ! 85 %m at the
BEC, propagates along x. The G beam, with power 18 %W
and 1=e2 radius w0 & 175 %m, propagates along %x. We
apply these beams to the trapped atoms as a square pulse
and then turn off the trap. After 6 ms time of flight (TOF),
during which the atoms propagate ballistically, we image
the released atoms by absorption of a probe beam reso-
nant with the j3S1=2; F ! 2i to j3P3=2; F ! 3i transition.
During imaging the atoms must be optically pumped
from the initial j3S1=2; F ! 1i state into the j3S1=2; F ! 2i
state by a pump beam resonant with the j3S1=2; F ! 1i to
j3P3=2; F ! 2i transition. Atoms with LM 2@k from the
Raman process will separate spatially during the TOF from
atoms still at rest [see Fig. 1(b)]. We use a focused pump
beam spatially localized along x to selectively image
clouds of atoms in different LM states using a probe
beam propagating along x, the axis of propagation of the
LG1

0 beam.
Figure 2(a) shows an image of a cloud that has under-

gone the Raman process with #$ & 4$r & 100 kHz,
where the vortex core is observed as a hole in the middle
of the cloud. (A hole in the atomic density distribution
without rotation would fill in during the TOF expansion.)
For a 130 %s pulse a maximum transfer efficiency of 53%
was achieved. The transfer is limited by the spatial mis-
match between the (toroidal shape) rotating state and the
(inverted parabolic shape) initial BEC; transfer of the
entire BEC, in this situation, is impossible. The size of
the Raman laser beams, somewhat larger than the BEC
size, was chosen to give good transfer efficiency, but was
not carefully optimized. The power is chosen to give a !
pulse for a duration in the Bragg regime [21] that is shorter
than the time scale of the trap oscillation, mean-field
energy, and Doppler broadening. To measure the angular
momentum transferred to the atoms, we perform an inter-
ferometric measurement using three optical pulses. The
first pulse, consisting of the LG1

0 beam and the counter-
propagating G beam (LG1

0=G pulse), is 30 %s long and
with #$ & 4$r transfers about 20% of the atoms to a state
with LM 2@k and OAM '@. The same two beams are used
in the second pulse, 60 %s long, but with #$ & %4$r,
which transfers about 40% of the remaining atoms to a
state with LM %2@k and OAM %@. The third pulse (G=G
pulse) is resonant for a second order (4 photon) Raman
process between states with momenta %2@k and '2@k
[21]. This pulse is 100 %s long (chosen empirically to
produce high contrast interference) and is produced by
replacing the LG1

0 beam with a second G beam with #$ !
0, w0 & 200 %m, and power of 8 %W. There is essentially
no delay between the pulses so that atoms with different

FIG. 1 (color). Schematic of the experiment. (a) Counter-
propagating LG1

0 and Gaussian laser beams, with the same linear
polarization and a variable frequency difference of #$, are
applied to a BEC. (b) The atoms that have undergone the
Raman transition (right cloud) have separated from those that
did not (left cloud). A spatially localized pump beam enables
independent imaging of each cloud by absorption of a probe
beam propagating along the direction of LM transfer. (c) Dia-
gram illustrating energy and LM conservation of the 2-photon
Raman process for one and two consecutive pulses.

PRL 97, 170406 (2006) P H Y S I C A L R E V I E W L E T T E R S week ending
27 OCTOBER 2006

170406-2
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Phys. Rev. A 77, 015401 (2008)

examples: Bragg-scattering using Laguerre-Gauss beams



http://jila.colorado.edu/bec/CornellGroup/index.html
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examples: rotating bucket

JILA MIT

Phys.Rev.Lett. 87, 210403 (2001) Science 292, 476 (2001)

http://jila.colorado.edu/bec/CornellGroup/index.html
http://jila.colorado.edu/bec/CornellGroup/index.html
http://jila.colorado.edu/bec/CornellGroup/index.html


Gross-Pitaevskii equation in the rotating frame

i� ∂

∂t
φ(r, t) =

�
− �2
2m

∇2 + Vext(r, t) + g|φ(r, t)|2 − ΩLz

�
φ(r, t)

Abrikosov vortex lattice minimizes free energy 
(c.f. closest packing of spherical objects)

Landau critical angular frequency Ωc = min
�ωl

l

�
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ω = ∇× v = ∇×Ω× r = 2Ω

κnv = 2Ω
Feynman’s rule

classical rigid body rotation

Phys. Rev. A 82, 063627 (2010)



- dipole mode (sloshing, Kohn, centre-of-mass)
- breathing mode
- quadrupole mode
- scissors mode
- etc.

What happens to a condensate if you hit it gently? Bogoliubov modes !

2π
k

�κ

superfluid Kelvin waves

in the presence of vortices Kelvin-Tkachenko collective modes emerge

Tkachenko waves
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Pitaevskii 1961 Tkachenko 1966



What happens to a condensate if you hit it gently? Bogoliubov modes !

in the presence of vortices Kelvin-Tkachenko collective modes emerge
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Phys. Rev. A 82, 063627 (2010)Phys. Rev. Lett. 101, 020402 (2008)



Tkachenko  wave @ JILA

http://jila.colorado.edu/bec/CornellGroup/index.html

Kelvin  wave @ ENS

Phys. Rev. Lett. 90, 100403 (2003) Phys. Rev. Lett. 91, 100402 (2003)
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experimental observations of vortex waves

http://jila.colorado.edu/bec/CornellGroup/index.html
http://jila.colorado.edu/bec/CornellGroup/index.html


Real-Time Dynamics of Single Vortex Lines and Vortex Dipoles in a Bose-Einstein Condensate 

D. V. Freilich et al. Science 329, 1182 (2010)
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collective dynamics of a vortex-antivortex pair



What happens to a condensate if you hit it hard? shock waves and turbulence!
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Phys. Rev. Lett. 94, 080404 (2005)


