
Lecture 4

where particles acquire spin and encounter turbulence
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Gross-Pitaevskii equation: two-components

2 x scalar BEC: 

same atomic species, 
two different hyperfine 
states (decoupled from 
other internal states)

two different atomic species 
with different masses and 
atomic level structure 
(collisions cannot convert one 
type of atom to another)

inter-component coupling 
via density potential

i� ∂

∂t
φ1(r, t) = − �2

2m
∇2φ1(r, t) + V 1

ext(r, t)φ1(r, t) + g11|φ1(r, t)|2φ1(r, t) + g12|φ2(r, t)|2φ1(r, t)

i� ∂

∂t
φ2(r, t) = − �2

2m
∇2φ2(r, t) + V 2

ext(r, t)φ2(r, t) + g22|φ2(r, t)|2φ2(r, t) + g21|φ1(r, t)|2φ2(r, t)

or

generalises to N component systems

�
φ1(r, t)
φ2(r, t)

�
pseudo-spin representation 
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Gross-Pitaevskii equation: spinor BEC

2F+1 hyperfine levels 
(internally coupled wavefunction components)                            F+1 coupling constants (Bose symmetry)

spinor BEC:scalar BEC: 

g2 − g0
3

F1 · F2

spin-spincontact

mF = 1 mF = 0 mF = −1
F = 1

external B fields lift degeneracy, use 
optical potentials to confine atoms

g0 + 2g2
3

δ(r− r�)

conservation of angular momentum + symmetry

+

+

+

+

+

collision of two F = 1 bosons

J = 0

J = 2

F1 · F2 =
1
2
[J(J + 1)− F1(F1 + 1)− F2(F2 + 1)]

P0 = (1− F1 · F2)/3 P2 = (2 + F1 · F2)/3

F1 · F2(J = 0) = −2 F1 · F2(J = 2) = 1

Vint(r, r�) = δ(r− r�)(g0P0 + g2P2)
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Gross-Pitaevskii equation: spinor BEC

Fz =




1 0 0
0 0 0
0 0 −1



Fx =
1√
2




0 1 0
1 0 1
0 1 0



 Fy =
i√
2




0 −1 0
1 0 −1
0 1 0





plus linear and quadratic 
Zeeman effects if external 
magnetic fields are 
present  

and possibly long-range 
1/r3 dipole-dipole 
interactions 

−µB ·B

vector / “spinor” order parameter

i� ∂

∂t
ψ(r, t) = Hψ(r, t)

H = − �2

2m
∇2 + Vext(r, t) + gnψ†(r, t)ψ(r, t) + gsψ

†(r, t)Fψ(r, t) · F

F =




Fx

Fy

Fz



ψ(r, t) =




φ1(r, t)
φ0(r, t)

φ−1(r, t)




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transformation of a spinor

for the sake of simplicity we 
restrict to considering 
axisymmetric states 

eiαFz
spin rotation

gauge transformation relates to orbital angular momentum

relates to spin angular momentum

ψ�(r, t) = e−iγeiαn·Fψ(r, t) ψ�(r, t) = e−iγeiαFzψ(r, t)

e−iγ

eiαFz =




eiα 0 0
0 1 0
0 0 e−iα




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geometric phase of a single quantum vortex

e0
e2π

ψ = eiθ

γ = 2π

ψ� = e−iγeiθ
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few axisymmetric vortex types in an F = 1 spinor BEC

mF = 1 mF = 0 mF = −1
F = 1




1
0

eiθ





half-quantum “coreless” vortex (aka Alice-string)

S = 1/2

γ = 1/2× 2π

α = 1/2× 2π

e−iγeiαFz =




ei(α−γ) 0 0

0 e−iγ 0
0 0 e−i(α+γ)




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L = 1/2



mF = 1 mF = 0 mF = −1
F = 1

polar core / pure spin vortex




e−iθ

1
eiθ





e−iγeiαFz =




ei(α−γ) 0 0

0 e−iγ 0
0 0 e−i(α+γ)





γ = 0

α = 2πS = 1

L = 0
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mF = 1 mF = 0 mF = −1
F = 1

Mermin-Ho vortex / Anderson-Toulouse vortex / skyrmion

e−iγeiαFz =




ei(α−γ) 0 0

0 e−iγ 0
0 0 e−i(α+γ)





S = 1

L = 1




1

eiθ

ei2θ





α = −2π

γ = −2π
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Rotating Dipolar Spin-1 Bose-Einstein condensates v0.1

T. P. Simula, J.A.M. Huhtamäki, M. Takahashi, T. Mizushima, and K. Machida
Department of Physics, Okayama University, Okayama 700-8530, Japan

We have calculated ground states textures of rotating spin-1 Bose-Einstein condensates in three-
dimensional oblate harmonic traps in the presence of long-range dipole-dipole interactions. For an-
tiferromagnetic spin-exchange interaction on increasing the dipole-dipole coupling constant we find
a transition from half-quantum-vortex lattice to a skyrmion texture. The system exhibits simulta-
neously off-diagonal long-range superfluid order and crystalline magnetic order—manifestations of
supersolidity.

PACS numbers: 03.75.Lm, 67.85.De

Cool a ferromagnet such as an iron bar below its Curie
temperature and it acquires finite magnetization due to
the spontaneously broken rotational symmetry of the ma-
terial. Cool a gas of alkali atoms below its Bose-Einstein
condensation temperature and the system turns super-
fluid due to the spontaneously broken gauge symmetry.
On cooling a spinor quantum gas below its Bose-Einstein
condensation temperature and it may simultaneously ac-
quire superfluid property and exhibit finite magnetiza-
tion. Allowing such system to interact via long-ranged
dipole-dipole potential mediated by the magnetic mo-
ments of the atoms one obtains a quantum gas with crys-
talline magnetic order and superfluidity—characteristics
associated with a supersolid matter.

Candidates for exploring dipolar interactions in cold
quantum gas experiments include polar molecules with
large magnetic moments and condensates with perma-
nent electric dipole moments.

Here we find the spin-vortices to form an antiferromag-
netic crystal.

The zero temperature Bose-Einstein condensate
ground state wavefunction φ(r) and its dynamics is mod-
eled remarkably well by the Gross-Pitaevskii equation

L(r, t) = L(r, t)φ(r, t) (1)

where

L(r, t) = −�2∇2

2m
+ Vext(r) + g|φ(r)|2 − ΩLz. (2)

In Eq.(2) the constants g, gs and gd determine, re-
spectively, the strength of s−wave, spin-exhange and
dipole-dipole interactions between particles of mass m,
Lz is the component of the angular momentum operator
parallel to the rotation axis and the external potential
Vext(r) = m[ω2

⊥(x2 + y2) + ω2
zz2]/2 is fixed by the trans-

verse ω⊥ and axial ωz harmonic frequencies. The norm
of the wavefunction,

�
V

�
α |φα(r)|2dr = N , yields the

number of particles N in the system. We elect �ω⊥ and
a0 = �/

√
mω⊥ to be the units of energy and length, re-

spectively. Our computational system is specified by the
dimensionless parameters ωz = 10 ω⊥, gN = 2000 �ω⊥a3

0

and gs = ±0.01g, where upper and lower signs corre-

x(a0)

--

mF = 0

mF = 0

mF = 1

mF = 1 mF = −1

mF = −1

y(
a 0

)
z(

a 0
)

x(a0)

y(
a 0

) --

mF = −1mF = 0

mF = −1mF = 0mF = 1

mF = 1

z(
a 0

)

x(a0)

y(
a 0

) --

mF = −1mF = 1

z(
a 0

)

mF = 1 mF = −1

Type I Type II Type III(c)(a) (b)

FIG. 1: (Color online) Vortex ground states for (a) (b) (c).
Parameters are (a) g�

s = −0.1, g�
d = 0.01 and Ω� = 0.1, (b)

g�
s = 0.1, g�

d = 0.01 and Ω� = 0, (c) g�
s = 0.1, g�

d = 0.1 and
Ω� = 0.05.

spond to antiferromagnetic and ferromagnetic conden-
sates, respectively. The dipole-dipole term and the trap
rotation frequency Ω are parameters of our numerical ex-
periments.

For clarity we neglect external stray magnetic fields.
To facilitate further discussion we introduce three el-

ementary vortex types, shown in Fig.1(a)-(c), which
emerge in this system. In each plot (a)-(c) the arrows in
the mainframe show the direction and magnitude of local
spin currents in the z = 0 plane while the top frame is
plotted for y = 0. The contour lines in the main and top
frames are plotted for the z− and y− components of the
magnetization, respectively. The insets in the top row
in the mainframe show the condensate density in each of
the magnetic sublevels and the insets in the bottom row
are the corresponding spatial phases.

Type I vortex shown in the Fig.1(a) is a half-quantum
vortex (HQV) which carries a half of a quantum of both
orbital and spin angular momentum. In the HQV state
the mF = 0 hyperfine spin-component is unpopulated.
The HQV has a ferromagnetic core and a vanishing spin
density elsewhere. The winding numbers of the ”spin-
up” HQVs are (0,×,±1) while the ”spin-down” HQV has
(±1,×, 0) where × indicates that the spin component is
absent. In the absence of symmetry breaking fields the
four HQV states are degenerate.

Type II vortex shown in the Fig. 1(b) is a pure spin
vortex with zero orbital angular momentum. The spins

S = 1/2

L = 1/2

S = 1

L = 0

S = 1

L = 1
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few axisymmetric vortex types in an F = 1 spinor BEC



F = 2 fractional vortices some of which are “non-Abelian”





eiθ

0
0
1
0









1
0
0

eiθ

0





e−iγeiαFz =





ei(2α−γ) 0 0 0 0
0 ei(α−γ) 0 0 0
0 0 e−iγ 0 0
0 0 0 e−i(α+γ) 0
0 0 0 0 e−i(2α+γ)





1/3 vortex 2/3 vortex

γ = 1/3× 2π
α = −1/3× 2π α = 1/3× 2π

γ = 2/3× 2π
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magnons (spin-wave excitations)

skyrmions, spin-textures, monopoles 

fractional and non-Abelian vortices...

Ĵ = L̂+ Ŝ

orbital angular momentum: 
mass currents (gauge vortices)

spin angular momentum: 
spin currents (spin vortices)

exotic excitations in spinor systems

 square lattice vs triangular!

interconversion!
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UCoulomb ∼ ln |r − r�|

UCoulomb ∼ 1/|r − r�| Uvortex ∼ ln |r − r�|

�
E · dS = q

�
v · dl = kq3D

2D q

charge vortex

Uvortex ∼ ln |r − r�|

k

k

vortex-electromagnetism and (synthetic) gauge fields



c.f. current carrying wire: Biot-Savart lawMagnus force

attraction vs repulsion c.f. electric charges

E++ = A ln
�

R2

rcd

�
E+− = A ln

�
d

rc

�

F = −∇E

+ ++

FM = nv × κ

+

κ
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B Ω

H = p2
/2m−Ω · r× p

H = (pv − κAΩ)
2
/2mv −mΩ2

r
2
⊥/2

AΩ =

√
γ

κ
mΩ(−yex + xey)

H = p
2
x/2m+

1

2
mω2

c

�
x− �ky

mωc

�2

AB = Bx

G = ∇×AG

H = (p− qAB)2/2m

Landau gauge symmetric gauge

superconductor BEC
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B Ω

H = p2
/2m−Ω · r× p

H = (pv − κAΩ)
2
/2mv −mΩ2

r
2
⊥/2H = p

2
x/2m+

1

2
mω2

c

�
x− �ky

mωc

�2

H = (p− qAB)2/2m

+mω2
⊥r

2
⊥/2

En = �ωc

�
n+

1

2

�

Landau levels

integer and fractional quantum-Hall effects!

superconductor BEC
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Synthetic magnetic fields for ultracold neutral atoms

Y.-J. Lin, R. L. Compton, K. Jiménez-García, J. V. Porto & I. B. Spielman

Nature 462, 628-632 (2009) 

effective vector potential created 
by tuning the energy-momentum 
dispersion relation

optically generated synthetic 
Lorentz force along x ~ vy 

magnetically generated force 
along y ~ vx

avoids the centrifugal effect 
present in the rotated systems
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topologically trivial (simply connected) 
optical lattice

Vol = V0(cos
2(kx)ex + cos2(ky)ey)
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topologically nontrivial (multiply connected) 
optical flux lattice

Bφ = B0(cos(kx)ex + cos(ky)ey + sin(kx) sin(ky)ez)

Phys. Rev. Lett. 106, 175301 (2011)

three-wave interference
=

vortex lattice
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Ω = 0

Ω = 0.7ω⊥

Ω = 0

Ω = 0.7ω⊥

!8 !4 0 4 8
!8

!4

0

4

8

!8 !4 0 4 8
!8

!4

0

4

8

!8 !4 0 4 8
!8

!4

0

4

8

!8 !4 0 4 8
!8

!4

0

4

8
Bφ = 0.2(µm)−2

Bφ = 0.2(µm)−2

Bφ = 0

Bφ = 0

particle density

magnetization density

half-quantum vortices

flux only charge only

Phys. Rev. B 85, 144521 (2012)
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nz(x, y) |Mz(x, y)| |F|Mz(x, y)|||Ψ↑(x, y)|2 |Ψ↓(x, y)|2

!8 !4 0 4 8
!8

!4

0

4

8

!8 !4 0 4 8!8 !4 0 4 8!8 !4 0 4 8

d  ! = 1/3 

!8

!4

0

4

8
c  ! = 1/2 

!8

!4

0

4

8

a  ! = 2

!8

!4

0

4

8

a  ! = 2

Bφ = 0.10
1

(µm)2

Bφ = 0.20
1

(µm)2

Bφ = 0.46
1

(µm)2

Bφ = 0.62
1

(µm)2

Phys. Rev. B 85, 144521 (2012)
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!8 !4 0 4 8
!8

!4

0

4

8

!8 !4 0 4 8!8 !4 0 4 8!8 !4 0 4 8

d  ! = 1/3 

Bφ = 0.62
1

(µm)2

Kitaev lattice

ν = 1/3

nz(x, y) |Mz(x, y)| |F|Mz(x, y)|||Ψ↑(x, y)|2 |Ψ↓(x, y)|2
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synthetic spin-orbit coupling



quantum turbulence

Crow instability
3

FIG. 2. Crow instability of an elongated vortex dipole in a harmonically trapped Bose-Einstein condensate for d = 28ξ0. (a)

Kelvin waves are being generated at the ends of the dipole. (b) Two vortex loops have been pinched off, one from each end

of the dipole. (c) Five daughter vortex loops have been produced through reconnection events. (d) The five vortex loops have

expanded in diameter appearing as ten vortex lines. The vorticity axis is now aligned along the x axis. (e) A snapshot from

a simulation using d = 5ξ0. The x × y × z dimensions of each rectangular box are 10a0 × 10a0 × 60a0 and the times of the

snapshots are marked in the frames.

els in the condensate for τ = 6 ms at a speed v = 0.68
mm/s corresponding to a Mach number 0.4 and is then
smoothly withdrawn by ramping down the laser power.
In Fig. 3a the laser beam is highlighted in the condensate
density isosurface and its motion is along the y axis. Af-
ter turning off the laser beam a vortex dipole is revealed,
which nucleated in the wake of the laser, see Fig. 3(b).
This vortex dipole becomes spontaneously short circuited
at its ends due to the combination of the inhomogeneous
condensate density and the curvature in the laser inten-
sity profile. The mother vortex loop breaks into five pri-
mary daughter loops, shown in Fig. 3(c) and Fig. 3(d),
which undergo multiple reconnections before being con-
verted into sound waves, which become visible as ripples
on the condensate surface as time progresses, see frames
(e)-(g) in Fig. 3. Increasing the Mach number of the trav-
eling laser spoon increases the number of mother vortex
rings produced in the wake of the laser. The large number
of condensate and laser parameters readily accessible in
experiments enables controlled production of elongated
vortex dipoles and daughter vortex loops.

Vortex dipoles and their dynamics in Bose-Einstein
condensates have recently attracted considerable interest
[23, 31, 32, 37, 38]. Experiments have considered effec-
tively two-dimensional systems where the vortex dipoles
are long-lived structures. We have shown that in elon-
gated harmonically trapped condensates where axial vor-
tex degrees of freedom are active, vortex dipoles become
susceptible to the Crow instability mechanism. Self-
generated Kelvin-wave excitations cause vortex dipoles
to disintegrate forming a sequence of vortex loops which

eventually decay into sound waves. We have proposed
and simulated an experiment to study this phenomenon.
Due to the high degree of controllability in this vortex-
dipole creation method, it could also be used to repro-
ducibly generate loopy vortex states and to study their
decay.

Our results have further implications for decay
mechanisms of quantum turbulence in harmonically
trapped Bose-Einstein condensates. In uniform systems,
a reconnection-dominated Kolmogorov-Richardson cas-
cade has been suggested to be transformed to a Kelvin-
wave cascade when vortex-vortex collisions become too
infrequent to yield a sufficient vortex reconnection rate.
However, the self-generated vortex loop instabilities may
be able to sustain vortex reconnections down to the dis-
sipation scale. It will be particularly interesting to apply
vortex-dipole nucleation methods to spinor BECs where
the evolution of non-Abelian vortex dipoles with frac-
tional charge may lead to drastically different vortex dy-
namics.

I thank David Paganin for many useful discussions and
comments on this manuscript.
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vortex waves, instabilities and reconnections

http://youtu.be/R2KUAWj7l98
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vortex reconnection

Kelvin-Tkachenko wave

http://youtu.be/R2KUAWj7l98
http://youtu.be/R2KUAWj7l98


turbulence simplified: 
classical vs superfluid

vortex reconnections 

Kelvin wave cascade
energy out: dissipation / heat

energy in: source of turbulence

inertial range:
Richardson
cascade and 
Kolmogorov
-5/3 law

2π

k
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quantum turbulence with non-Abelian vortices



turbulence in 2D is special!

inverse energy cascade

large coherent vortices

negative temperature states
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